The realization problem for positive single-input single-output discrete-time systems with one time delay is formulated and solved. Necessary and sufficient conditions for the solvability of the realization problem are established. A procedure for computation of a minimal positive realization of a proper rational function is presented and illustrated by an example.
456 Realization problem for positive linear systems with time delay
Problem formulation
Consider the single-input single-output discrete-time linear system with one time delay x i+1 = A 0 x i + A 1 x i−1 + bu i , i ∈ Z + = {0, 1,...}, (2.1a) y i = cx i + du i , (2.1b) where x i ∈ R n , u i ∈ R, y i ∈ R are the state vector, input, and output, respectively, and A k ∈ R n×n , k = 0,1, b ∈ R n , c ∈ R 1×n , and d ∈ R. Initial conditions for (2.1a) are given by
Let R n×m + be the set of n × m real matrices with nonnegative entries and R n + = R n×1 + . Definition 2.1 (see [3] ). The system (2.1) is called (internally) positive if for every x −1 ,x 0 ∈ R n + and all inputs u i ∈ R + , i ∈ Z + , x i ∈ R n + and y i ∈ R + for i ∈ Z + . Theorem 2.2 (see [3] ). The system ( 
2.1) is positive if and only if
The transfer function of (2.1) is given by The positive realization problem can be stated as follows.
Given a proper rational function T(z), find a positive realization (2.3) of the rational function T(z).
Necessary and sufficient conditions for the solvability of the problem will be established and a procedure for computation of a positive realization will be presented.
Problem solution
The transfer function (2.4) can be rewritten in the form
where 
Therefore, the positive realization problem has been reduced to finding matrices
for a given strictly proper rational matrix (3.4).
Lemma 3.1. The strictly proper transfer function (3.4) has the form
if and only if detA 1 = 0, where
Proof. From the definition of (3. 
Proof. Expansion of the determinant with respect to the first row yields
(3.10)
Matrices A 0 and A 1 having the forms (3.8) will be called the matrices in canonical forms.
The following two remarks are in order. we obtain
Note that the n − 1 degree minor corresponding to the entry −a 1 z − a 0 of the matrix (3.11) is equal to 1. Therefore, we have ϕ(z) = ψ(z) and by Definition 3.5, the pair (A 0 ,A 1 ) is cyclic.
where
Using (3.2) and (3.12), we obtain
Comparison of the coefficients at like powers of z in (3.13) yields ··· a Note that the matrix A of the dimension (2n − 1) × n 2 has more columns than rows. If the condition (3.16) is satisfied then without loss of generality, we may assume that the matrix A has full row rank equal to 2n − 1 (otherwise, we may eliminate the linearly dependent equations from (3.14)).
Choosing n 2 − 2n + 1 = (n − 1) 2 nonnegative components of the vector x and solving the corresponding matrix equation with nonsingular (2n − 1) × (2n − 1) coefficient matrix, we may compute the desired entries of b and c (that should be nonnegative). Therefore, we have established the following necessary and sufficient conditions for the existence of the solution to the positive realization problem. 
